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‘we develope a theory of t&e &OWI&IZ motion of a r$$d ketical object such as bacterial flagella. The statistical properties 
of the random forces actius an the freIical object are discussed and fhe wefkients of tie corrrelations of the random forces 
are determined. The averages <z*(r)> , <02(f)) and (z(r)e(t)) are also calculated where z and f3 are the. position along and the 
angle around the helix axis respectively. Althou@x the theory is limited to short time interval, direct comparison with ex- 
periment is possible by using the recently developed ~ernato~ap~y tecfinique. 

1. Introduction 

It was about a hundred years ago t&t Pfeffer and Englemann found the so-called chemotaxis of bacteria; the 
active motion of bacteria toward attractant or away from repellent. However, since the qu~~t~ta~ive treatment of 
bacterial chemotaxis was difficult at that time, there was long interruption before the reseaich of the chemofaxis 
was resumed by Adler Cl]- Since then, many studies about the subject were carried out (23. At the same time, 
the researches of the structure and the function of flagelk started. 1x1 the study of the structure of nagella the fu& 
discovery was the construction of flagella from fiagellin monomers [33 and the second was the polymor@ism of 
flagekr shape [4,51_ T&e phenomena are interesting in connection with the self~rganization or self-assembly 
of proteins. The way how a ffage:ellum rotates was revealed by the beautiful experiments by Silverman and Simon 
f63 and by Berg 17’1. But the mechanism of rotation and the structure of basal body - flagella motor - are no: 
yet known. The prope’&ng force of fiagellar rotation was fast discussed theoretically- by Taylor [S.?] followed 
by the more complete theories [l&l 1,12,13]. The accuracy of the theory is now amost sufficient regarding to 
the experimental errors. 

The actual motion of bacteria seems at first sight Brownian motion. Wowever, this motion is the active stocbast- 
ic behavior of bacteria to run after or to run away from certain chemicals. On the other hand, considering their 
size, they surely undergo the Brcjwnian motion in its original meaning, although it is hidden during the actual 
motion; in the actual motion of Bacteria, the Brownian motion is superposed on the active stochastic behavior, 
A fiagelhrm cut off from the bacterial body, on the contrary, does not have active motility. Consequently, the 
Brownian motion is observed without any additional effect. Since in the recent expedient, more precise measure- 
ments are needed, there must be some cases that one shotid take into account the Brownian motion of flageua, 
For instance, it needs long time interval to take a’ photograph of a single flagellum. Since this time interval is Song 
as compared with that for a flagelk busdle, even by the use of a high-speed Finn, the effect of the Brownie 
motion can not be avoided: In addition, from the purely physical point of view, this s=lbject is interesting in the 
sense that the rotation around and the translation along the fIageBsr axis couples. Ne gertheless at present, no 
theory of the Brow&m motion of flagella seems to exist. 
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In this paper, we consider the Brownian motion of a rigid helical flagellum, because the flagellum is in most 
cases supposed rigid if the condition of the suspension is kept constant. In general, it is somewhat complicated to 
get *he time-dependent solution of the motion of the rigid body in three dimensions. In the present case of a heli- 
cal flagellum the coupling between the rotation and the translation makes the problem more difficult. We will 
consider as the first step of the theory a simpler case in which only two variables are taken into account: The 
angle around the flagellar axis and the displacement along the axis. Details are described in the following sections. 

2. Langevin equations 

The position of a rigid body in three dimensions is described by six variables; three for the position of the center 
of mass and the remaining three for the angles between the laboratory system and the system fmed to the body. 
Usually the equation of motion can be decoupled to two equations governing two sets of variables mentioned above. 
Even in this case, to solve the equation of motion is difficult for arbitrary external forces. In the case of helical 
flagella, since there exists the coupling between the rotation around the helix axis and the translation along this 
axis, the equation of motion can no longer be decoupled. And the equation of motion becomes more complicated. 
We will avoid this difficulty by reducing the number of variables. Let us first turn our attention to the three rota- 
tional friction coefficients (as the flagellum is axially symmetric, two of them are the same): The friction coeffi- 
cient around the helix axis Ze and the friction coefficients around the axis perpendicular to the helix axis ZR. 
Suppose the friction coefficient ZR are larger than Ee, then the rotational motion around the helix axis is faster 
than the rotation perpendicular to that axis, which can be neglected for suitable time interval. As for the motion 
of the center of mass, the motion perpendicular to the axis can be neglected if the fricticn coefficient for the per- 

pendicular movement to the axis ZP are larger than that for the parallel movement Zs. The remaining variables are 
therefore the angle around the helix axis and the position along the axis. The Langevin equations becomes as 
follows: 

e- V=A, (2_la) 

L 11 = Mdfdt -t Zz, L1.2 = 37, L 21 = =I, L 22 = Mrdldt + ZJr, (2.lb) 

where u is the velocity of the flagellum parallel to and w is the angular velocity around the axis, A, and AZ, are 
respectively the translational and the tangential components of random force, M and T are the mass and the radius 
of the helical flagellum, Ez and EO are respectively the translational and the rotational friction coefficients parallel 
and around the helix axis and 5, is the interaction coefficient between the translational and the rotational move- 
ments. 

3. Properties of the random force 

We will write the special solutions of eq. (2.1 a), v,(t) in the form 
t 

Vs(t) = j-G (t - t’) - A (t’)dt’, (3-l) 
to 

where G is the Green’s function of eq. (2.la) in the form of the tensor of order 2, the components of which are 

written as G+-(t). The equations for the Green’s functions are 
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+lGll(f) -t&G21(G = WI, I (32a) 
~511G12(0 +Q2G22(‘) = 0, 

&G,,(r) +&G,,(t) = 0, &G,,(t) +&G&0 = s(r)- 
(3.2b) 

Let the Fourier transformation of Gii(f) be ?$ii(h): 

BY substituting eq. (3.3) into eqs. (3.2), EV(X) can be solved as follows: 

1 
GllO) = - 

ihMr -t E, lr 
1 E,r 

G12(h)= -- - 1 Zl 

M% Q(A) ’ 
-- 

M2r Q(X) ’ “‘@) = - ,& Q(X) ’ 

where Q(h) is 

Q(A) = -A2 i (i/nl)(Z= -f Es/?)?, - (l/M2)(Z: - ZzEO j?). 

Now the integral in eq. (3.3) can be carried out using the complex integral_ The solutions of the equation 
Q(X) = 0, Xi are 

A, = -(i/WE-(Z, + Z,/;?) 5 {(Z= - Ze/r2)* + 42f}1/2]. 

In the case of the cylinder limit of the bead model of helical flagella, following relation is shown 

zz f E*/;! > {(Zz - Z0/r2)i -i_4S,2}? 

Therefore X, are located on the upper half-plane of the complex plane. The results of integration are 

Gii(f) = S2(g$ e-q.tt +gi euq-‘), 

where 

?J& = -ix,, 

a’-1 1 
Mzr 7)+ --_’ 

(3.3j 

(3 -4) 

(3.5) 

(3-o) 

(3-7) 

(3.8) 

(3-9) 

Next we will consider the solution V,(t) of the homogeneous equation of eq. (2.la). They can be easily obtained 
as follows: 

u&t) = G e-n+’ + Cc e-n-t, we(r) = Cg e-n+’ f- CF e-n-f_ (3.10) 

Let the initial conditions be v(tO) = v”, w(to) = woe As the form of the special solution is given by eq. (3-l), 
Vs(to) = 0. Therefore V,(t) must satisfy the initial conditions. This can be done by taking the integration constants as 

c;’ = (w” - r_vO)/e-n+to(r+ - T_), Cc = (r.+vO - ~~)/e-~-‘a(r+ - r-1, c2 = r&c;, (3.11) 

where r? is given by 

I?* = -(l /2Z1r)[(Ez - Ze/r2) + {(Er - Se /,2) + 42z}1/2]. (3.12) 

Notice that as to + -=, the solution satisfying the initial condition is the special solution, eq. (3.1). 
Now we are ready to examin e the properties of the random force. In the presence case of a helical flagellum, 



since the coupling between the translation and rotation exists, the correlation between sr?, and 9Q, becomes 
fmite. Taking notice to this respect we assume the correlations of the random force as 

<S’$(t)sll,(t’)) = KZ6(t - r’), (d,(t)d&‘)> = K&t - t’), bqt)sql&‘)) = K$(t - r’). (3.13) 

The coefficients K r, K~ and KI are determined making use of the law of equipartition of energy. As for the first 
moment, we put as usual (sU,> = (sQ,> = 0. 

We wi!_I now caIcuhtte the average values <u2), (02) and &z_$_ According to eq. (3.1), 

+ Gll(f - t’)G12(t - t”)M,(r’)sQ,(t”)> + G,,(t - t’)G,,(r - t”)M&‘)s&(t”)~ 

+ G& - t’)G& - t”)( A&‘) sf, (t”))}dt’dt”, 

(w*) = j j fGzl(r - f')G,, (t - tn)b2Z(~‘)d,(t”)) 
-_ -50 

+- G,, (t - t’)G&r - t”)< SQ Jr’) ~4~ (8’)) + G&t - t’)G,, (t - t”>(sf,(r’) .&(t”)) 

+ Gx2(t - z’)G~~(~ - t”)t~$ B (8) H&“)>] dt’dr”, 

r t 

<lJo> = ss {Gll(t - t')G,,(t - t”)c d&‘)&(t”)) 
-co -0D 

+ G,,(i - t’)G,,(t - ~“)C&(t’)s&,(r”)~ -f- G12(f - ‘*)Gzl(r - r”)(~~(~‘)~~~rr’)) 

-f Gx2(f - “)G22(~ - t”)(s$&‘) ~&“)~)dr’dt”. 

Using eq. (3.9) along with eqs. (3.13), eqs. (3.14) become 

(3.l4a) 

(3.14b) 

(3.14c) 

(3_1Sa) 

(3.1 !Sb) 
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+‘?_(-rl, +77-)&I +K1h’_(V+ + 77_ Ig’f$$2 - 27?+7?_ (LTi~g~2 + gfigs2) 

+ 77-h+ + V_hqQz~~ i- r1+(17.+ * 77_)&& - %vl-&& + T-(‘I+ + s&f& 

- g&e h’&?+ + 77-lg~2 - 2q,v-(& +&I l V_(‘?+ + rl_l&ll- (3.1%) 

The averages (u2), (02) and (VW) are, on the other hand, given by the law of equipartition of energy as 

<v2) = kT/M, h2> = kT/M;L, b.m> = 0, (3.16) 

where k is the Bokzmarm constant and T is temperature. By equating eqs. (3.15) and eqs. (3.16), we can cakul.ate 
after elementary but tedious calculation, the values of K~ etc. and we get 

KZ = 2ZzkT, Ke = 3(Ze /r2)kT, K I = 2ZIkT. (3.17) 

4. Averages of position and angle 

In the preceding section we hzve got the solution of the Langevin eq. ( 2.:). The position z(t) and the angle 
6(t) of the helical fiagellum are therefore easily obtained by integratingV(t): 

r t 

z(f) = / dt’ J G,l(f - r”) d=(r”) + G12(f - t”) dz,(t”))dt” + Gee?+” + Cic-‘-t *l 
t0 r0 

J 
+ z’, (4_lc) 

e(r) = j dt' [ j { Gzl(f’ - t”)sdZ(t”) + Gz2(t’ - t”)&O(t”)}df” -F Cze--‘l+f’ + CFe-q-” 1 + Q”, (4Ab) 

f0 f0 

where zc and O” are the initial condition z(to) = z”, O(t,) = L?O_ Among the integrals in eqs. (4-l), the integrals 
which do not contain random force (denoted D=(t) and De(f) respectively) can be easily integrated as 

CAP - IQ 
D,(t)= ~ 

777te-V+ro (T, 
__‘r_) (e -qit - e-O-fO) -b 77_ e~~~~o,” r_) (eeq-’ - e-q--‘O), (4.2a) 

r&Jo - r - VO) 
D, (t) = (e-V4 _ e-S-tO) + 

r_(r+vO - WO) 

q+e-n+‘O(r+ - r_) q_e-*-fo(r+ - r_) 
(e-7?-f _ e-n-fo)_ 

The integrals containing random force are of the form 

I= j dt’ j e-sl(t’-t”)d (r”)dr”_ 

ro r0 

Integrating by parts, I becomes 

(4.2b) 

(4-3) 
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(4.4) 

Consequently z(t) and e(t) become 

* e-p. *..(tj is defmed by .A.__ _ - -, 

B&t) - -(g$/Qe-n+r - (gG /7j_)edq- ‘_ (44.6) 

n eqs. (4.9, we have put ?,-, = 0 and z o = e” = 0. Using eqs. (4.5) the averages <z”(t)), W2(?)> and <z(t)0(t)) are de- 
c&ed as 

t 
<Z’(t)> -o;(t) = a2 KZ 

c J- 
CSllQ - t’)- 9&9H9& - f) - 8~#9ld~’ 

0 

(eqt)) -D;(~) - ~22 C KZ j {921(t - 0 - B12m1921(t - f) - SdO)W’ 
0 

t 

+KI s {BZl(f - t’) - g,,(o)l~~,,(~ - t’) - 922@)Jdt’ 

0 

t 

+KI s (g&(t - t’) - 622@)3CB2l(f - f’) - Sd0)3df 
0 

t 

+Ke r {g22(t- r')- $?22(0)1~~22(~- f)- 922(0)~df 
' 

0 3 

(4.7a) 

(4.7b) 
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where rzse is made of eqs. (3.13). l3y elementary integration <z2(r)), <02(t)) and (z(t)@(r)> are calculated to be 

(z2tt)) -D,“(t)= ~2&A~~,~~ +K#11,12 +A12,11) ++‘92,12h (4.8a) 

(e2(r)) - DzW = a2 k&1,21 + Kr/;ll21,22 + &,x1) +KeA22,22h (4.8b) 

(z(t)@@)) - D&)D&) = a2 {K&1,21 f K1&1,22 + &,21) +KeA12,2& (4.8~) 

where 

(4-9) 

so = e-(nt+rl-It _ 1, S;=e-“kf_ 1, s; = e--2ri,t _ 1. (4.10) 

We will examine the limiting behavior of eqs. (4.8) for both t S- 1 /qt and t < l/q*. First in the case of t % 1 jr)*, 
D,(t), De(f), So, S; and S$ are of order o(r)_ Therefore 

(Z2(t))* fi2@, %$#‘)~ll(o) +- ‘Q(911(0)9@) + 9&9&o)) +Ke 91,(0)$2@)1-f~ (4-l la) 

te2@)) * fi2 &z $553 (00) 921(o) +Kr(821(@>822(o)+S22(0)~21(0)) *Ke 922(0)922(0)1tT (4.1 lb) 

cz(?)e(t))4sL2CKZ~~1(0)~2X(O)+KI(~11(0)~.22(0)*~‘12(0)~21(0))+Ke~22(0)~22(0)3f- (4.3 lc) 

On the other hand in the case of t 4 1 IQ,, since Av,kl is of order o(f2), 

c&t), -j r(w” - r_uO)/(r, - r_) + (r,u” - o”y(r+ - r_)12r2, (4.12a) 

<fan) -+- Ir+(wO - r_u”)/cr+ - r-1 + r_(r+uO - 0Oy(r+ - r_)12t2, (4.12b) 

<z(t)e(t)> * c@ - r_ uO)/(r+ - r_) + (~,uO - wO)/(r, - r-)3 

x {r,(aO - r_ uOy(r+ - r-1 + r_(r+oO - o”)/(r+ - r-1) 9, (4.12~) 

wltich are reduced to 

<z2(t), * (u%)2 (0 2 
, (f))--s (0 0 2 t) , Cz(t)8(t), + ZPOV. (4.13) 

Eqs. (4.13) represent simply that the motion of a flagellum for t 4 1 /vT is determined by the initial conditions, 
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u(ro) = v* and w@~) = w *_ Let us rewrite eqs. (4-I I) using the physical quantities, i.e. Ez, Es etc. The results are 

(4.14) 

E9 2 
s. (4-14 are the relations that determine the three coefficients, Zz, Ee and ZI, from the measured values 

0 (t)), (0 (2)) and <z(t)e(r)>. However, these three coefficients have been calculated theoretically as the function 
of SagelIar shape [I 21: 

zz.= {I -i- (%i7/f2)23~1) z* = 2rQl, q = -@v/d) $1) (4.15) 

where 

$1 = 
4m&w 

I2 + (25N.rd)‘> In f(d/Zb){l + (2zq’d)2]] ’ 

(4.16) 

b is the radius of the flagellar filament, d is the length of the pitch, h is the number of the pitch and ns is the vis- 
cosity of suspension. Although eqs. (4.15) are the expressions for b < d, more general expressions could be used 
if one would not mind complexities. Therefore we will rewrite eqs. (4.34) by means of these parameters_ Before 
that, we will estimate the order of vi _ The values of above parameters are almost as follows; d = 2.3 pm, b = d/100, 
r = 0.2 pm, h = 10 for normal Zype Sagelia. Mass of a fiagelkun is 9.9 X IO7 molecular weight/m, viscosity of sus- 
pension ns is lO-2 poise for water. S~bstitut~g these values into eqs. (3.6) and Q-9), the order of Gi is calculated 
to be 10’ s-l. Consequently, eqs. (4-14) are sufficiently good approximation for t % IO-’ s. The expressions of 
eq. (4.14) by means of fagellar parameters are easily calculated as follows: 

(4.17) 

where + = {2 + (2?rr/d)=} $1 _ 

5. ixscussion 

We have considered the 3rownian motion of he&al flagella, and obtained the coefficients of the correiations 
of the random force_ Also we have obtained the average values of z’(t), Q’(s) and z(t)@(t) as the function of Z&, 
Ee and EI. Contrary to the cases of rod and cylinder, (z(t)@(t)) is shown to be finite which is due to the fact that 
the coupling between A, and 9Q, exists. Eqs. (4.14) tell US that, by measuring (z2(t)), <e’(t)) and <z(r)@(t)) one 
could obtain these three coefficients. We further obtained the expressions for <z2(t)> etc. as the function of flagellar 
shape using theoretically calculated values of Zz, Z, and EI. 

In this paper, flagella are considered to be rigid. However, the oscillation along the helix axis may exist in the 
actual Sage&r motion. End effect is also neglected. To take into account these effects, the three coefficients ZZz, 
Z. and ZI must be reconsidered. Although the theory is limited to small time interval, recent technical develop- 
ment in cinematography would make us possible to compare the theory with the experiment directly by choosing 
suitable time scale through controlling the replaying speed. 
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