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We develope a theory of the Brownian motion of a rigid helical object such as bacterial flagella. The statistical properties
of the random forces acting on the helical object are discussed and the coefficients of the correlations of the random forces
are determined. The averages z2(r) , (602 (r) and (= () 8{r) are also caiculated where z and ¢ are the position along and the
angle around the helix axis respectively. Althoughn the theory is Himited to short time interval, direct comparison with ex-
periment is possible by using the recently developed cinematography technique.

It was about a hundred years ago that Pfeffer and Englemann found the so-called chemotaxis of bacteria; the
active motion of bacteria toward attractant or away from repellent. However, since the quantitative treatment of
bacterial chemotaxis was difficult at that time, there was long interruption before the research of the chemotaxis
was resumed by Adler [1]. Since then, many studies about the subject were carried out [2]. At the same time,
the researches of the structure and the function of flagella started. In the study of the structure of flagella the first
discovery was the construction of uagcua from uagéu_m monamers p 5 and the second was the polymorphism of
flagellar shape [4.5]. These phenomena are interesting in connection with the self-organization or self-assembly
of proteins. The way how a flagellum rotates was revealed by the beautiful experiments by Silverman and Simon
§61 and by Berg [7]. But the mechanism of rotation and the structure of basal body — flagella motor — are not
yet known. The propelling force of flagellar rotation was first discussed theoretically by Taylor [8.2] followed
by the more complete theories [10,11,12,13]. The accuracy of the theory is now almost sufficient regarding to
the experimental errors.

The actual motion of bacteria seems at first sight Brownian motion. However, this motion is the active stochast-
ic behavior of bacteria to run after or to run away from certain chemicals. On the other hand, considering their
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motion; in the actual motion of bacteria, the Brownian motion is superposed on the active stochastic behavior.

A fiagellum cut off from the bacterial body, on the contrary, does not have active motility. Consequently, the
Brownian motion is observed without any additional effect. Since in the recent experiment, more precise measure-
ments are needed, there must be some cases that one should take into account the Brownian motion of flagella.
For instance, it needs long time interval to take a photograph of a single flagellum. Since this time interval is long
as compared with that for a flagellar bundle, even by the use of a high-speed film, the effect of the Brownian
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sense that {he rotation around and the translation along the flagellar axis couples. Nevertheless at present, no
theory of the Brownian motion of flagella seems to exist.
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In this paper, we consider the Brownian motion of a rigid helical flagellum, because the flagellum is in most
cases supposed rigid if the condition of the suspension is kept constant. In general, it is somewhat complicated to
get the time-dependent solution of the motion of the rigid body in three dimensions. In the present case of a heli-
cal flagellum the coupling between the rotation and the translation makes the problem more difficuli. We will
consider as the first step of the theory a simpler case in which only iwo variables are taken into account: The
angle around the flagellar axis and the displacement along the axis. Details are described in the following sections.

2. Langevin equations

The position of a rigid body in three dimensions is described by six variables; three for the position of the center
of mass and the remaining three for the angles between the laboratory system and the system fixed to the body.
Usually the equation of motion can be decoupled to two equations governing two seis of variables mentioned above.
Even in this case, to solve the equation of motion is difficult for arbitrary external forces. In the case of helical
flagella, since there exists the coupling between the rotation around the helix axis and the translation along this
axis, the equation of motion can no longer be decoupled. And the equation of motion becomes more complicated.
We will avoid this difficulty by reducing the number of variables. Let us first turn our attention to the three rota-
tional friction coefficients (as the flagellum is axially symmetric, two of them are the same): The friction coeffi-
cient around the helix axis =, and the friction coefficients around the axis perpendicular o the helix axis Zp.
Suppose the friction coefficient Ep are larger than =,, then ihe rotational motion around the helix axis is faster
than the rotation perpendicular to that axis, which can be neglected for suitable time interval. As for the motion
of the center of mass, the motion perpendicular to the axis can be neglected if the fricticn coefficient for the per-
pendicular movement to the axis =y are larger than that for the parallel movement =, . The remaining variables are
therefore the angle around the helix axis and the position along the axis. The Langevin equations becomes as
follows:

L L v A

( u 12)(():( z) .or L- V=A, (2-12)
La; Lo g

'L].l =Md/df +Ez, le = EIT, L21 = EI’ L22 =Mrd/dt + Eelr, (2.]b)

where v is the velocity of the flagellum parallel to and w is the angular velocity around the axis, &, and #, are
respectively the transiational and the tangential components of random force, M and r are the mass and the radius
of the helical flagelium, =, and =, are respectively the translational and the rotational friction coefficients parallel
and around the helix axis and =; is the interaction coefficient beitween the translational and the rotational move-
ments.

3. Properties of the random force
We will write the special solutions of eq. (2.1a), v,(?) in the form

t
v, = f G —-t)-A@Har, (3.1)
to

where G is the Green’s function of eq. (2.1a) in the form of the tensor of order 2, the components of which are
written as G,-]-(t). The equations for the Green’s functions are
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L31G11(®) * L1362 ()) = 8(2),
L21G11(t) +L22G21(t) =0,
Let the Fourier transformation of G;i(1) be 5ij(7\):

} (3.22) L11G12(0) + L13G5(1) =0, }(3‘ )

L21G12(D) + LprGan (1) = 8(2)-

1 F ~ : .
G =5- _/’ G;(\)eNMda. 3.3)

By substituting eq. (3.3) into egs. (3.2), 5,-]-()\) can be solved as follows:

1) P VI 12N T2 00 2100=— 2, O
- oy IME,
G = 2 0y G4
where Q(A) is
O = A% + (i/MXE, + 5y /PPN ~ UMPYER — =,5,/r%). (3.5)

Now the integral in eq. (3.3) can be carried out using the complex integral. The solutions of the equation
OMA)=0, A, are

A, = —(2M)[~(E; +Z, /) = {(Z, — Z,/r})? +42212). 3.6)
In the case of the cylinder limit of the bead model of helical flagella, following relation is shown

E, + 5, /> (B, — Ep /2% +4z22312, (3.7
Therefore A, are located on the upper half-plane of the complex plane. The results of integration are

Gi(6)= Q(g}; e+ +gy e D), (3.8)
where

N = _ihi’ gi]_ = niMr - Ee/’: g‘iz = Elr: g;l = EI: g;z = 71_4_-]‘{— Zzy

0= -1 ___l__. (3.9)

Mzr 7?+ —n_

Next we will consider the solution Vi (¢) of the homogeneous equation of eq. (2-1a). They can be easily obtaired
as follows:

vo(1)=Cf e ™™ + C e, W) =C3 e ™ +Cy e~ -7, (3.10)

Let the initial conditions be v(zy) = W0, w(?g)= 9. As the form of the special solution is given by eq. (3.1),
V(2g) = 0. Therefore V(#) must saiisfy the initial conditions. This can be done by taking the integration constants as

i = (0 —1_o0)/e— (I, —T_), Cr = (0% — O)/e~~o(r, — T), C3=T.Cf, (3.11)
where I', is given by .
Ty = —(12ZPIE, — Zp/2) = (F, — =, /r%) +4=2112). (3.12)

Notice that as ry —> —o=, the solution satisfying the initial condition is the special solution, eq. G.1).
Now we are ready to examine the properties of the random force. In the presence case of a helical flagellum,
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since the coupling between the translation and rotation exists, the correlation between A, and o1, becomes

finite. Taking notice to this respect we assume the correlations of the random force as

(A @) A, N =x,8( — 1), (A (DA (EN=Kp8(z — 1), (A A (N = x15(t — ).

(3.13)

The coefficients k,, kg and Kk are determined making use of the law of equipartition of energy. As for the first

morment, we put as usual (&) = (A ) =0.
We wi!l now calculate the average values (2, {«>2) and <vco). According to eq. (3.1),

z z
W= [ [ (G116 - )61 ¢ — XA AP

+ Gt — )Gt — t"KA () AN + Gya(t — )Gt — "N A () A"
+ Gt — )G (1 — "X sy (') st (2" N}de’de”,
4

r
()= f _[ {Goy(t — )Gy (¢t — "X A ALE"Y

+ G (1 — )Gt — "X A (1) Ay (" + Gon(t — )Gy (t — "N A (1) A"
+ Gyt — 1')Gop(t — "Xt o (1) st ("W} dr’de”,
3

H
W= [ [ G130 — )Gy (r — "X A (VA ("D

+ Gy — )Gt — "N ALY Ag(@"N + G3(t — 1D)Gpy (2 — "X A (1) A, (™Y

TG (7 — )G (7 — 1" X A (1) A (" PFaArdr”.
Using eq. (3.9) along with egs. (3.13), egs. (3.14) become

- _‘Qz Mo— V2 F o
(Uz) = 2m.m_ (1, ¥ 1) [Kz {ny(n, + n_xe) — An.n_g11811

+n_(ny +1_)gi1)?} +&iax 1 20 + )81y — 4nam (g5, TET)

+2n_(ny +0_)g41} + (€5 ko(ny — 1)1,

02
2nym_(ny +77_)

(w?y = [(851)%x (s —n_)? — g5k {20, (s +1_)25,

—An,n_ (g5, +£72) ¥ 2n_(my +1_)85} kg {n:(ns +1_XMeg3a)?

—4n,m_ghag +u_(ny +1_Yg5)?H,

(3.14a)

(3.14b)

(3.14¢)

(3.153)

(3.15b)
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_02 . .
(o) = —gh K. + - _ 2 —
2n.m_(my v1_) E 21%z In:(ns +11_)g73 n.n_(g1; g11)

+n_(ns +1_)g11} + k1 IM_(@s + 1_)g11852 — 2n.m_(871857 1 811832)

T +0_)811822 12Ty T T1_)E12851 — AN:T_g12821 T (s T 1_)812851

— 812k M (1y +1_)g5 — 2n30_(85, +852) +n_(y +n_)g5 1. (3.150)
The averages (uz), {2 and {veo) are, on the other hand. given by the law of equipartition of energy as
w2y =kT/M, {o?y = kT2, (wew) =0, (3.16)

where k is the Boltzmann constant and T is temperature. By equating egs. (3.15) and egs. (3.16), we can calculate
after elementary but tedious calculation, the values of K. etc. and we get

Kk, =2E. kT, Ko = 2(Zg [r2)KT, Ky = 2EkT. 3.17)

4. Averages of position and angle

In the preceding section we heve got the solution of the Langevin €q. (2.1). The position z(¢) and the angle
8(2) of the helical flagelium are therefore easily obtained by integratingV(#):

t z
z(t) = f ar’ [ f G110 — A+ Gyt — 1) Ay (2} de” + CTe™ ™ + Cy e } +20, (4.12)
Io Ip
z 4 s ,
o(r) = f ar’ [ f {G1(t — ) A, (t") + Gt — ") A (")} t" + Che™ ™ + Ce -1 :I +09, (4.1b)
fo o

where zC and 69 are the initial condition z(tg) = 20, 0(tg) = 60. Among the integrals in eqs. (4.1), the integrals
which do not contain random force (denoted D,(#) and Dg(¢) respectively) can be easily integrated as

W0 1 0 P+v0 — w0
D,(1)= - (e ™ _e -10) + (e 1=t e 1-70), (4.2a)
nie~ (T, —T_) n_e =, —T_)
M (o? -T -9 r_(0°0 — w®
Dy(t)= + (e~ ™+ _e—n—t0) + (e~7-7 — e~n—70), (4.2b)
n+e—n+to(p+ —-T.) n_e =o', —T'_)

The integrals containing random force are of the form

z '3
I= f ar’ f e~ =1 oq (2"yar". “.3)
o Ig

Integrating by parts, 7 becomes
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Ii=

CE

t
[~ e (e 4.4)
1}

‘onsequently z(z) and 6(z) become

¢

z(1)= Q2 f [{G11(¢ — ) — C11 (O} (1) + {G12(r — 1)) — G12(0)} (11 d +D,(2), (4.52)
'

()= f [{QZl(t —- )~ 921 (0)}_9‘12(t') + {QZZ(I -t~ §’22(0)}9‘18(t')] de’ +Dy @), (4.59)
To

iz Pof7yis defined by

(= —(gg/n,)e ™™ — (g7 /n_)e - . 4.6)
n eqs. (4.5), we have put 7 =0 and 20=00=0q. Using eqs. (4.5) the averages (z?'(t)), (ez(t)) and (z(£)8(¢)) are de-
cribed as

t
(2(» — DZ(D) = az[xz [ 1811G¢ = ) — 11 (0HGy (¢t — 1) — @13 (O)}ar’
1]

t
+y [ {16110 - )= G11(OHG12( — ) — G120} aF
0
4
tiky [ {8120 — 1) — €12(OH G4t — )~ Gy, (0D} ar’
0
4
Ky f {812t — 1)~ 812(0)H G,z — ) — le(o)}df'], (4.72)
0

3
(02(1) — D3 (1) = Q2 [nz [ 18— Y= G12(00HG ¢t — ) — G (0N} ar"
o
z
+ky [ (G210t — 1)~ @21 (HG0(t — ') — Gy (0)}dr
0
t
ti; [ @0t — ) — €32(00HGs1 ¢t — ') — G5y (0D} A
1]

F4
+ry [ 19200~ 1)~ G0N0 ~ ) — nOhar |, (4.7b)
0

4
IO - D0, = 22[k, [ 1811~ 1) — GO~ 1)~ G @} ar
0
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z
iy [ 18110 ~ 1) = 1 (OHG ! — 1) — Gy (O)}ar’
0

z
+ry f {@12— 1)~ G 120G (¢ - ') — G5,(0)}ar’
0

4
+o [ 16120~ )~ @12OHGaat — ) — §rp@bar |, @70
o
where use is made of eqs. (3.13). By elementary integration (22(t)), (62(1‘)) and {z(z)d ()’ are calculated to be
@0 ~ DI = 9% fk.Aqy 3 +K3 (11,10 F A211) T Ko AL, 12) (4.82)
0%() ~ DF(E) = Q% {2 A2 31 +K1fBar 22 + Az 1) +KoAa 20}, (4.8b)
(BN — DD)De(1) = 2% {k,Aq3 21 +r1(A11,22 + A12.21) +rpA12,22)s (4.80)
where
giE1 878k 1
oK 17 9K — + —
Mg 17 = — S5 e (ghgm T EE)S
i,k 223 2 23 on_tns ¥ ) vk EEDSo
s .
g1 g o+ S )
@,,(0)( St 45 57 ) - GuO(=2ST +=2 57) + 85O GuO", @9)
77 s n_
Sp= e—(y¥n )t _ 1, Si‘: =e Mzl _ g Szi =e~2nx _ 7. (4.10)

We will examine the limiting behavior of egs. (4.8) for both > 1/n, and # <€ 1/7, . First in the case of 1> 1/7n,,
D, (D). Dy(D), SO,SI and S5 are of order o(r). Therefore

@@~ Q% {Kk; 811(0)811(0) + k1(S11(0) §12(0) + G15(0) ?il(o)) K9 G12(0)G12(0)1 4, (4.113)

B2(»~0? {8, ©23(0) G523 (0) + k5(G2,(0)G25(0) + G 55(0)G5; (0)) + K5 §23(0)G5,(0)} 1, (4.11b)

D) > Q% {x, ©11(0) 823 (0) + 11(G11(0)F2,(0) + §12(0)G4;(0)) + K 5 22(0)G25(0)} 2. 4.11c)
On the other hand in the case of t < 1/7,, since A; i,k 1S of order o(tz),

E2EP > (0 —T_ o/, —T_ )+ ([ — coo)/(l‘+ — T2, @.12a3)

(20N~ [T4(0® ~ T_O)(, ~ T )+ T_(I° — Q)T — T)F222, (4.12b)

@O~ {(® ~r_ (I, — T )+ @ — Oy, — T3

X T — T_ )@, —T)+T_(,00 — OO, — T )32, (4.12¢)
which are reduced to
2@ - (w002, ©2(@» - (0032, (Do) ~ vPwPr2. 4.13)

Eqs. (4.13) represent simply that the motion of a flagellum for # <€ 1/7, is determined by the initial conditions,
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v(tg) = v0 and wltg)= 0. Let us rewrite egs. (4.11) using the physical quantities, i.e. =, , Eg etc. The resulis are

ey oy —
= = =

“5 e, =
(2P~ 2 KT — 2 O2P>2kT ————— 1, (2(D)OEP>—2kT — 1.
= —r2 —2=2 == p2w2
=,Zp EpTe —T I, = Ee ~TTE]
(4.14)

3. (4.1 3 are the relations that determine the three coefficients, =,, =, and = E;, from the measured values
(t)) {0~(2)) and (z(2)8(2)). However, these three coefficients have been calculated theoretically as the function
of flagellar shape [12]:

=, = {1 + Qur/d)*};, Zp =277, =y = —Qar/d) ¥y, 4.15)
where
4*“1)57\&?
¥y = (4.16)

2 + Qar/d)?} n[(d/2b) {1 + Qar/d)*}]

b is the radius of the flagellar filament, d is the length of the pitch, A is the number of the pitch and 7, is the vis-
cosity of suspension. Although eqgs. (4.15) are the expressions for 5 <€ d, more general expressions could be used
if one would not mind complexities. Therefore we will rewrite egs. (4.14) by means of these parameters. Before
that, we will estimate the order of 7, . The values of above parameters are almost as follows; d = 2.3 um, b =d/100,
r=02um,A= 10 for normal type flagelia. Mass of a flagellum is 9.9 X 107 molecular weight/um, viscosity of sus-
pension 733 is 1072 poise for water. Substituting these values into egs. (3.6) and (3.9), the order of 77, is calculated

to be 10° s~1. Consequently, egs. (4.14) are sufficiently good approximation for 7> 102 s. The expressions of
eg. (4.14) by means of flagellar parameters are easily calculated as follows:
2
22 1 26} ( 2rr) 1 e 2 1
{z (t))-*4th",, s {6 (t)-—>2th{1 + 7 2y , E@OE» > 2 kTt d 70’ 4.17)

where = {2 + (Zm/d)z} Py-

5. Discussion

We have considered the Brownian motion of helical flagelia, and obtained the coefficients of the correlations
of the random force. Also we have obtained the average values of z2(7), 82(¢) and z()8(¢) as the function of =,
=, and Ej. Contirary to the cases of rod and cylinder, {z(#)6{7) is shown to be ﬁmte which is due to the fact that
the coupling between s, and &1, exists. Egs. (4.14) tell us that, by measuring (z P, (6%() and {z{1)8(2) one
could obtain these three coefﬁcxents We further obtamed the expressions for (z2 (#)) etc. as the function of flagellar
shape using theoretically calculated values of =,, =, and =;.

In this paper, flagella are considered to be rigid. However, the oscillation along the helix axis may exist in the
actual fiagellar motion. End effect is also neglected. To take into account these effects, the three coefficients =,,
=y and =; must be reconsidered. Although the theory is limited to small time interval, recent technical develop-
ment in cinematography would make us possible to compare the theory with the experiment directly by choosing
suitable time scale through controlling the replaying speed.
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